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     Π a † =  Π a


     Π a 2 =  Π a


   Π a


  n × n


    | 𝜓 ⟩


  a


  P ( a )   =      ‖   Π a   | 𝜓 ⟩ ‖ 2


     Π a   | 𝜓 ⟩   ‖   Π a   | 𝜓 ⟩ ‖


  X


  𝜌


  a


  Tr  (   Π a 𝜌 )


  𝜌 =  ∑ k   q k  |   𝜓 k ⟩ ⟨  𝜓 k |


  a


      p  ( a )  =  ∑ k   q k p  (  a | k )     =  ∑ k   q k  ⟨   𝜓 k  |   Π a |  𝜓 k ⟩     =  ∑ k   q k Tr  (   Π a  |   𝜓 k ⟩ ⟨  𝜓 k | )     = Tr  [   Π a  ∑ k   q k  |   𝜓 k ⟩ ⟨  𝜓 k | ]     = Tr  (   Π a 𝜌 ) .


  p  (  a | k ) =  ⟨   𝜓 k  |   Π a |  𝜓 k ⟩


  Tr  (  A  |  𝜙 ⟩ ⟨ 𝜙 | ) =  ⟨  𝜙  | A | 𝜙 ⟩


  X


  𝜌


  a


  Tr  (   Π a 𝜌 )


  𝜌


  𝜌 =   | 𝜓 ⟩  ⟨  𝜓 |


  a


  Tr  (   Π a 𝜌 )   =   Tr  (   Π a | 𝜓 ⟩ ⟨ 𝜓 | ) =  ⟨ 𝜓 |   Π a | 𝜓 ⟩ =


   ⟨ 𝜓 |     Π a 2 | 𝜓 ⟩ =    ‖   Π a |  𝜓 ⟩ ‖ 2


  𝜌


  𝜌 =    ∑  k = 0  N − 1   p k  |   𝜓 k ⟩ ⟨  𝜓 k |


  Tr  (   Π a 𝜌 )   =  ∑  k = 0  N − 1   p k Tr  (   Π a  |     𝜓 k ⟩ ⟨  𝜓 k | ) =  ∑  k = 0  N − 1   p k    ‖   Π a |    𝜓 k ⟩ ‖ 2


  a


   Π a |    𝜓 k ⟩


   𝜌 a =    Π a 𝜌  Π a  Tr  (   Π a 𝜌 )


   {   P 0 ,     … ,   P  m − 1 }


   ∑  a = 0  m − 1   P a =    𝕀 X


  a  (  0 ≤ a ≤ m − 1 )


  ((Tr  (   P 0 𝜌 ) , … , Tr  (   P  m − 1 𝜌 ) )


  Tr  (   P a 𝜌 )


  T r  (   P a 𝜌 )


   P a ,   𝜌 ≥


  T r  (   P a 𝜌 ) =  ∑ i   p i  ⟨   𝜓 i  |   P a |  𝜓 i ⟩ ≥ 0


   ∑  a = 0  m − 1  Tr  (   P a 𝜌 ) = 1


   ∑  a = 0  m − 1  Tr  (   P a 𝜌 ) = Tr  (   ∑  a = 0  m − 1   P a 𝜌 ) = Tr  (   𝕀 x 𝜌 ) = 1


   P 0 =  |  0 ⟩ ⟨ 0 | =  (     1  0   0  0 ) ,      P 1 =  |  1 ⟩ ⟨ 1 | =  (     0  0   0  1 ) .


   {   P 0 ,  P 1 }


    Prob ⁡   (  outcome = 0 ) = Tr  (   P 0 𝜌 ) = Tr  (   |  0 ⟩ ⟨ 0 | 𝜌 ) =  ⟨  0 | 𝜌 | 0 ⟩


    Prob ⁡   (  outcome = 1 ) = Tr  (   P 1 𝜌 ) = Tr  (   |  1 ⟩ ⟨ 1 | 𝜌 ) =  ⟨  1 | 𝜌 | 1 ⟩


  𝜌


  a


   P 0 =  (      2 3   1 3    1 3   1 3 ) ,      P 1 =  (      1 3  −  1 3   −  1 3   2 3 )


   {   P 0 ,  P 1 }


   P 0 ,  P 1


   1 2 ±    5 6


   P 0 +  P 1 = 𝕀


  𝜌 =  |  + ⟩ ⟨ + |


  Tr  (   P 0 𝜌 ) = Tr  (   (      2 3   1 3    1 3   1 3 )  (      1 2   1 2    1 2   1 2 ) ) =  5 6


  Tr  (   P 1 𝜌 ) = Tr  (   (      1 3  −  1 3   −  1 3   2 3 )  (      1 2   1 2    1 2   1 2 ) ) =  1 6


      |  𝜙 0 ⟩  = | 0 ⟩ ,    |  𝜙 1 ⟩  =  1   3 | 0 ⟩ +    2 3 | 1 ⟩ ,    |  𝜙 2 ⟩  =  1   3 | 0 ⟩ +    2 3  e  2 𝜋 i / 3 | 1 ⟩ ,    |  𝜙 3 ⟩  =  1   3 | 0 ⟩ +    2 3  e  − 2 𝜋 i / 3 | 1 ⟩ .


   (  0 , 0 , 1 ) ,    (    2  2 3 , 0 , −  1 3 ) ,    (  −    2 3 ,    2 3 , −  1 3 ) ,    (  −    2 3 , −    2 3 , −  1 3 ) ,   d =   2  6 3


   |   𝜙 0 ⟩ ⟨  𝜙 0 | =  (     1  0   0  0 ) =   I +  𝜎 z 2


   |   𝜙 1 ⟩ ⟨  𝜙 1 | =  (      1 3     2 3      2 3   2 3 ) =   I +   2  2 3  𝜎 x −  1 3  𝜎 z 2


   |   𝜙 2 ⟩ ⟨  𝜙 2 | =  (      1 3  −    2 3 −   i  6 6   −    2 3 +   i  6 6   2 3 ) =   I −    2 3  𝜎 x +    2 3  𝜎 y −  1 3  𝜎 z 2


   |   𝜙 3 ⟩ ⟨  𝜙 3 | =  (      1 3  −    2 3 +   i  6 6   −    2 3 −   i  6 6   2 3 ) =   I −    2 3  𝜎 x −    2 3  𝜎 y −  1 3  𝜎 z 2


   {   P 0 ,  P 1 ,  P 2 ,  P 3 }


   P a =    |   𝜙 a ⟩ ⟨  𝜙 a | 2 ,     for   a = 0 , … , 3


   P a


   Q a =  |   𝜙 a ⟩ ⟨  𝜙 a |


   Q a  |   𝜙 a ⟩ = |  𝜙 a ⟩


  |    𝜙 a ⊥ ⟩


   |   𝜙 a ⟩


   Q a |    𝜙 a ⊥ ⟩ = 0


   P a


   𝜌 c =  ∑ a  p  ( a )  |  a ⟩ ⟨ a |


  𝜌 =  ∑ k   p k  |   𝜓 k ⟩ ⟨  𝜓 k |


  𝜌    →  M apping     𝜌 c


  X


  Y


  ⟹  


  ⟸


   Δ m


   Δ m  ( 𝜎 ) =  ∑  a = 0  m − 1   ⟨  a  | 𝜎 | a ⟩  |  a ⟩ ⟨ a |


  Φ  ( 𝜌 ) =  Δ m  (  Φ  ( 𝜌 ) )


  ⟺


  ⇒


  Φ


  Φ  ( 𝜌 ) =  ∑  a = 0  m − 1   ⟨  a  |  Φ  ( 𝜌 ) | a ⟩  |  a ⟩ ⟨ a |


  Φ  ( 𝜌 ) =  Δ m  (  Φ  ( 𝜌 ) )


   Δ m


  Φ  ( 𝜌 ) =  ∑  k = 0  N − 1   A k 𝜌  A k †


  𝚽


       ⟨  a  |  Φ  ( 𝜌 ) | a ⟩  =  ∑  k = 0  N − 1   ⟨  a  |   A k 𝜌  A k † | a ⟩     =  ∑  k = 0  N − 1  Tr  (   A k †  |  a ⟩ ⟨ a |  A k 𝜌 )     = Tr  (   P a 𝜌 )


  Φ


   P a =  ∑  k = 0  N − 1   A k †  |  a ⟩ ⟨ a |  A k


   P 0 , …  P  m − 1


  Φ  ( 𝜌 ) =  ∑  a = 0  m − 1  Tr  (   P a 𝜌 )  |  a ⟩ ⟨ a |


  ⇒


  𝚽


     {   P a }  a = 0  m − 1


  | 𝜓 ⟩


       ⟨  𝜓  |   P a | 𝜓 ⟩  =  ∑  k = 0  N − 1   ⟨  𝜓  |   A k † | a ⟩  ⟨  a  |   A k | 𝜓 ⟩     =  ∑  k = 0  N − 1     |   ⟨  a  |   A k | 𝜓 ⟩ | 2     ≥ 0


       ∑  a = 0  m − 1   P a  =  ∑  a = 0  m − 1   ∑  k = 0  N − 1   A k †  |  a ⟩ ⟨ a |  A k     =  ∑  k = 0  N − 1   A k †  (   ∑  a = 0  m − 1   |  a ⟩ ⟨ a | )  A k     =  ∑  k = 0  N − 1   A k †  A k     =  I X


  ⇒


  𝚽


     {   P a }  a = 0  m − 1


  Φ  ( 𝜌 ) =  ∑  a = 0  m − 1  Tr  (   P a 𝜌 )  |  a ⟩ ⟨ a |


  Φ


  →


  Φ


  J ( Φ )


  Φ


      J  ( Φ )  =  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗ Φ  (   |  b ⟩ ⟨ c | )      


  ⟹  |  b ⟩ ⟨ c |


  Φ  (   |  b ⟩ ⟨ c | )


  ⇒


      J  ( Φ )  =  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗ Φ  (   |  b ⟩ ⟨ c | )     =  ∑  b , c = 0  n − 1   ∑  a = 0  m − 1   |  b ⟩  ⟨  c  |  ⊗ Tr  (   P a  |  b ⟩ ⟨ c | ) | a ⟩ ⟨ a |     =  ∑  b , c = 0  n − 1   ∑  a = 0  m − 1    | b ⟩  ⟨  c | ⨂  (   ∑ d   ⟨  d  |   P a | b ⟩  ⟨  c | d ⟩ ) |  a ⟩  ⟨  a |     =  ∑  b , c = 0  n − 1   ∑  a = 0  m − 1   |  b ⟩  ⟨  c  |  ⊗  ⟨  c  |   P a | b ⟩ | a ⟩ ⟨ a |     =  ∑  b , c = 0  n − 1   ∑  a = 0  m − 1   |  b ⟩  ⟨  b  |   P a T | c ⟩  ⟨  c  | ⊗ | a ⟩ ⟨ a |     =  ∑  a = 0  m − 1   P a T ⊗  |  a ⟩ ⟨ a | .


  Φ  ( 𝜌 ) =  ∑  a = 0  m − 1  Tr  (   P a 𝜌 )  |  a ⟩ ⟨ a |


  ： Tr  ( A ) =  ∑  k = 0  d − 1   ⟨   𝜓 k  | A |  𝜓 k ⟩


   ⟨  c | d ⟩ =  𝛿  c , d


   ⟨  c  |   P a | b ⟩ =  ⟨  b  |   P a T | c ⟩


  ： ∑   |  e ⟩ ⟨ e | = I


  ⇒


  𝚽


     {   P a }  a = 0  m − 1


     {   P a T }  a = 0  m − 1


  J  ( Φ )


  𝚽


        Tr Y  (  J  ( Φ ) )  =   Tr Y  (   ∑  a = 0  m − 1   P a T ⊗  |  a ⟩ ⟨ a | )     =  ∑  a = 0  m − 1   P a T   Tr  (   |  a ⟩ ⟨ a | )     =  ∑  a = 0  m − 1   P a T         =  I X T     =  I X .


  𝚽


  𝜱


  J  ( Φ ) =  ∑  a = 0  m − 1   P a T ⊗  |  a ⟩ ⟨ a |


  𝜌 =  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗  𝜌  b , c


  Φ  ( 𝜉 ) =  ∑  a = 0  m − 1  Tr  (   P a 𝜉 )  |  a ⟩ ⟨ a |


  Φ


     {   P a }  a = 0  m − 1


  𝜉


   𝜌 X


   𝜌 X


      Tr  (   P a  𝜌 X )  = Tr  (   P a   Tr Z  ( 𝜌 ) )     = Tr  [   P a  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c |   Tr  (   𝜌  b , c ) ]     =  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | ) Tr  (   𝜌  b , c )     =  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | ⊗  𝜌  b , c )     =  ∑  b , c = 0  n − 1  Tr  [   (   P a ⊗  I Z )  (   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ) ]     = Tr  [   (   P a ⊗  I Z )  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ]     = Tr  [   (   P a ⊗  I Z ) 𝜌 ] .


   {   P 0 ⊗  I Z , … ,  P  m − 1 ⊗  I Z }


      Tr  (   P a  𝜌 X )  = Tr  (   P a   Tr Z  ( 𝜌 ) )     = Tr  [   P a  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c |   Tr  (   𝜌  b , c ) ]     =  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | ) Tr  (   𝜌  b , c )     =  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | ⊗  𝜌  b , c )     =  ∑  b , c = 0  n − 1  Tr  [   (   P a ⊗  I Z )  (   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ) ]     = Tr  [   (   P a ⊗  I Z )  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ]     = Tr  [   (   P a ⊗  I Z ) 𝜌 ] .


      Tr Z ⁡   (   A X ⊗  B Z ) =  A X   Tr ⁡   (   B Z )


    Tr ⁡   (  𝛼 A ) = α     Tr ⁡   ( A )


    Tr ⁡   (   A X ⊗  B Z ) =   Tr ⁡   (   A X )   Tr ⁡   (   B Z )


   (   A X ⊗  B Z )


   (   C X ⊗  D Z ) =  (   A X  C X ⊗  B Z  D Z )


  𝜌 =  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗  𝜌  b , c


  Φ


  I  d z


       (  Φ ⊗   Id Z )  ( 𝜌 )  =  ∑  b , c = 0  n − 1  Φ  (   |  b ⟩ ⟨ c | ) ⊗  𝜌  b , c     =  ∑  a = 0  m − 1   ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | )  |  a ⟩ ⟨ a | ⊗  𝜌  b , c     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | )  𝜌  b , c     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗  ∑  b , c = 0  n − 1    Tr X  (   (   P a ⊗  I Z )  (   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ) )     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗   Tr X  (   (   P a ⊗  I Z ) 𝜌 ) .


    Tr X  (   (   P a ⊗  I Z ) 𝜌 )


       (  Φ ⊗   Id Z )  ( 𝜌 )  =  ∑  b , c = 0  n − 1  Φ  (   |  b ⟩ ⟨ c | ) ⊗  𝜌  b , c     =  ∑  a = 0  m − 1   ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | )  |  a ⟩ ⟨ a | ⊗  𝜌  b , c     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗  ∑  b , c = 0  n − 1  Tr  (   P a  |  b ⟩ ⟨ c | )  𝜌  b , c     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗  ∑  b , c = 0  n − 1    Tr X  (   (   P a ⊗  I Z )  (   |  b ⟩ ⟨ c | ⊗  𝜌  b , c ) )     =  ∑  a = 0  m − 1   |  a ⟩ ⟨ a | ⊗   Tr X  (   (   P a ⊗  I Z ) 𝜌 ) .


  Φ  (   |  b ⟩ ⟨ c | ) =  ∑  a = 0  m − 1  Tr  (   P a  |  b ⟩ ⟨ c | )


  ( 𝛼  A X ) ⊗  B Z   =  A X ⊗ ( 𝛼  B Z )


    Tr ( A X  C X )


   B Z   =


      Tr X ⁡   (   A X  C X ⊗  B Z )


  =   Tr X  (   (   A X ⊗  I z )  (   C X ⊗  B Z ) )


  𝜌 =  ∑  b , c = 0  n − 1   |  b ⟩ ⟨ c | ⊗  𝜌  b , c


   ∑  a = 0  m − 1  Tr  (   (   P a ⊗  I Z ) 𝜌 )  |  a ⟩ ⟨ a | ⊗     Tr X  (   (   P a ⊗  I Z ) 𝜌 )  Tr  (   (   P a ⊗  I Z ) 𝜌 )


   ∑  a = 0  m − 1  p  ( a )    |  a ⟩ ⟨ a | ⊗  𝜎 a


  p  ( a ) = Tr  (   (   P a ⊗  I Z ) 𝜌 )


   𝜎 a =     Tr X  (   (   P a ⊗  I Z ) 𝜌 )  Tr  (   (   P a ⊗  I Z ) 𝜌 )


  𝜌


     {   P a }  a = 0  m − 1


  p  ( a ) = Tr  (   (   P a ⊗  I Z ) 𝜌 )


   𝜎 a =     Tr X  (   (   P a ⊗  I Z ) 𝜌 )  Tr  (   (   P a ⊗  I Z ) 𝜌 )


  p  ( a ) = Tr  (   (   I   X 1 ⊗ ⋯ ⊗  I   X  k − 1 ⊗  P a ⊗  I   X  k + 1 ⊗ ⋯ ⊗  I   X r ) 𝜌 )


      Tr   X k  (   (   I   X 1 ⊗ ⋯ ⊗  I   X  k − 1 ⊗  P a ⊗  I   X  k + 1 ⊗ ⋯ ⊗  I   X r ) 𝜌 )  Tr  (   (   I   X 1 ⊗ ⋯ ⊗  I   X  k − 1 ⊗  P a ⊗  I   X  k + 1 ⊗ ⋯ ⊗  I   X r ) 𝜌 )


   (   X 1 , …  X r )


  𝜌


     {   P a }  a = 0  m − 1


   X k


  0 ≤ k ≤ m − 1

